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ABSTRACT 

Many methods have been proposed and tested in the 
past to obtain an optimal response for step inputs to 
automatic feedback control systems. Most of these 
methods have led to the use of sophisticated control 
devices ranging from small analog to large digital 
computers. Here the possibility of a simplified 
switching logic combined with an oper-closed loop 
servomechanism is investigated. Deadbeat response to 
step inputs was the object of this study rather than 
a time optimal response. Two types of logic were 
investigated. A time invariant controller was analyzed, 
built and tested. The system works on the principle 
of constant switching times with the output being 
controlled by an open locp driving voltage which is 
proportional to the input step size. At the completion 
of the open loop mode of operation, the system is 


returned to the normal closed loop mode. 


The writers wish to express their appreciation 
for the assistance and encouragement given them by 
Dr. John Ward, of the U, 5, Naval Postgraduate School, 


in this investigation. 
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1. Introduction, 

Numerous schemes have been applied to positioning 
feedback control mechanisms to obtain optimum resporse 
for step inputs. Some of the methods used have been 


using a relay control computer 


(1) dual mode operation 
which approximates the optimal switching line, (2) use 
of compensation networks to improve relay performances, 
(3) application of discontinuous damping to a relay 


i and 


servo?, (4) conditional switching techniques 
others 5,6, In general, the basic idea behind these 
various approaches is the desire to obtain deadbeat 
response in minimum time for a step input. 

The time optimization requirement inherently 


requires a sophisticated controller that can compute 


the proper switching times accurately. A question 
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tk, C, Matthews, В. C. Boe, The application of 
nonlinear techniques to servomechanisms, National 
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which might be asked is: "If the requirements for 

time optimization were dropped, retaining the provision 
for deadbeat response, would it be possible to design a 
simple controller for a second order system that would 

be of practical value?" 

In this paper two approaches to the development of 
a Simple controller for a second order system are 
investigated. In both cases the system operates іп 
two modes, linear and nonlinear, which correspond to 
closed and open loop modes respectively. Іп the попе 
linear or open loop mode a driving voltage is applied to 
the plant for a prescribed amount of time. The voltage 
is then reversed until the system reaches an output 
which either equals or approximates the input. At this 
point the controller returns the system to the linear, 
closed loop, operation. 

As previously stated, in both approaches investi- 
gated, relay switching is caused to occur on a time 
basis. Опе о? these approaches sets the switching 
times proportional to the command signal while the other 
holds the switching times constant while setting the 
driving voltage. The latter scheme is suggested by the 
principle of superposition. 

The system of Fig. 1 ls the basic block diagram for 
both approaches. The step input commands ere represented 
by R, the system output position by © and the output of 
the open loop controller by V. The plant is second order 

Ы 





and has the transfer function: 


К/Т 
5(5-/.) 


nao 
mb 
— 


The system ls to be controlled by an open loop controller 
which functions on command signals only. Any load 
perturbations or other similar disturbances within the 


loop wili not affect the controller. 






OPEN LOOP 
CONTROLLER 





"ig. I = Basic System 


The assumptions made for the theoretical investi- 
gations are (1) the system is linear, (2) the system is 
second order, (3) command signals are to be steps only 
and (4) new commanás are not to be given until the 


previous command has been completely executed. 





2. Time proportional to command signal. 

With the output voltage of an open loop controller 
a constant in magnitude, there is a specific relation- 
ship for the time to reverse the polarity of the driving 
voltage and the time to return the system to normal 
linear operation in order to force deadbeat response. 
By using an approximation to this relationship, a theore- 
tical controller was derived. The system incorporating 
this controller was then investigated on the CDC digital 
computer. 


For purposes of this investigation, the proposed 


9 


ystem is to function as follows: At some time, +» а 
Step command signal, + В, is applied to the system. 
Application of the command signal causes the loop to 
be opened and a voltage, + V, to be applied to the plant 
for a period of time, t,. At time ts the polarity of 
the signal is reversed for a period of time, tae The 
total time of nonlinear operation, +, ls defined by: 
(2) te = t. o6 0, 


At time t, the controller closes the lcop returning 


t 
the plant to standard closed loop operation. If at 
time tts the plant output bas arrived at the desired 
position commanded by the input, then true dezdbeat 
response has been achieved. 

A digital program was written to compute the times 


tą and tą for various values of inputs, The system 


parameters, K anà Т ‚ эв well as the applied voltage, ХУ» 


а» {ез 





were held constant. For the system under evaluation 

the following values were arbitrarily selected: 

К/Т = 1, 1X = 5 and V= 100. Each combination 

of t. and t, that results in deadbeat response specifies 

a command signal R. Thus, from the program data, a 

plot of t, and t, versus R was made for OSRST radians 
as shown in Fig. 2. From these data, bs and v. can be 
approximated by a straight line as shown in the figure. 
These straight line approximations of Des and ty бап be 


evaluated in point slope form as; 


(3) МОТ 4 10-05 


‚092|®| + 0.105 


(4) Cr 


Since t, and t, are independent of the sign of the 
input, the magnitude of R is specified in the above 
equations. 

It is immediately obvious from Fig. 2 that the 
straight line approximation is extremely poor for small 
inputs, but this problem can be eliminated if the 
system 15 held in closed loop for small inputs. Thus, 
in this system, the minimum step size for open loop 
operation would be about „25 radians. 

Using the switching times determined from equations 


(3) and (4), a program was written and appended to "Program 
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7 to study the performance of a system utilizing 


Analog" 
this type controller. Four runs were made with inputs 
of 5, 1, 1.5, end 2 radians, The resulting phase 
planes and time response characteristics as plotted by 
the computer are shown in Figures 3 to 10. By inspection 
of Fig. 2 it is possible to predetermine whether 
switching will occur early or late, For example, if 
the input is .5 radians, Fig. 2 predicts that both 
switching times, tg and tp, will be late and the system 
will overshoot. This is verified in Figures 3 and +, 
If the input is 1,5 radians, 1% would be predicted 
that switching would be early. This is verified in 
Figures 7 and 8. 

This approach does offer some improvement in 
time=to=steady=state over normal linear operation but 
it is limited to & comparatively small range of inputs. 
A controller that could vary the times of switching as 
specified by equations (3) and (4) would not be simple 
to construct, which is contrary to one of the main 


design objectives as set forth in section i. 


je 3e dt db de 6 € dX 


(progra: Analog" was written by Dr. Jo. Re Ward 
of the U, S. Naval Postgraduate School, The program as 
used is shown in Appendix I. 
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2» Time invariant controller. 

Assume that a given linear second order system is 
controlled in such a manner as to provide a deadbeat 
response for a step input, If the output of the linear 
system is proportional to a step input, then by the 
principle of superposition", the output is doubled 
when the input is doubled. Furthermore, if the 
acceleration time, bos and the deceleration time ths 
are known for a specified step command, then it 
will be possible to obtain deadbeat response for ali 
Step commands if the switching times are held constant 
while the driving voltage is varied in proportion to 
the step command, 

To determine the appropriate switching times, it 
is first noted that if the controller voltage is V, 
then the system output will, if the initial conditions 
are zero, be; 

(5) Cs LEVAT 
SS + Y) 
The Step voltage «V is to be applied for a finite time, 
tgs and the step voltage -V is applied for the finite 


time, tp. If at t+ t the output of the system ís 


er 
identically equal to the input, and the output rate is 


zero, then system response is indeed deadbeat, It is 


E IN *% + х # 


8и, E. Van Valkenburg, Network Analysis, Prentice- 
Hall; Inesa pr~ T9300; 
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now necessary to find the required conditions for such 
deadbeat response. 
The inverse transform of equation (5) is: 


Y 


(6) сей = KVU(TE O + ts - 1) 


To obtain the system rate at time ts it is only necessary 
to take the derivative of eguation (6). Thus, 
- УТ 
(T) Сал З Kv(1-€ | 
The reversed voltage is now applied for a period tys 
and considering the initial conditions that exist at 
time Los 1t foliows that the equations for system 


position and rate for t, € t$ t, are: 


ун A VK/T Cy | € (es) CEAT 
S(s«WY (5+ S(s*w) 515 +] 
and; 
(9) Ся: МКИ р Сд 
5(5-И) (Sr) 
ор: 


i! 
^ 


| „©/т Bu] 
(10) Си.) vi (4-2, «r[1-é 2€ 1) 
ands? 
E 


7") 


ел” 


го 


$ 


си) Са Б 4 


For deadbeat response the system rate, (C  , 
must equal zero at time t,. Therefore, by setting 


equation (11) to zero, the exact relationship between the 


=> 





acceleration time, t., anà deceleration time, t is 


Y 9 
obtained, namely? 


ғ 
-Er Su 


ШЕП >< T 
To obtain the deceleration time required for any 
acceleration time, it is only necessary to take the 


natural logarithm of both sides of equation (12); 


> EL 
(12a) čr FZ 74(2-& | 

To obtain the system output for deadbeat response 
in terms of tq and ty, equation (12) is substituted 


into equation (10) which yields: 
(13) Сид = VK(ts-t,) 


Finally, the system output in terms of the accekration 
time only can be found by substituting equation (122) 


Into (15) to sive: 


tr 
u NS ук», Е АРАЗ | 
Thus by using a controller voltage proportional 
to R, and by choosing tg and t, as calculated from 
equations (12a) and (14), deadbeat response can be 
achieved for any step input provided that the plant 
is adequately described by a (linear) second order 


transfer function, 


-18= 





4. A design example of the time invariant controller. 
A logical sequence of manipulations to determine 
the proper switching times for a given linear second 
order system can be easily obtained from equations 
({2a) and (14). For purposes of illustration, assume 
that the system has the following characteristics: 
I Maximum output desired = 10 


Т = 1.0 saturation will occur if KV is greater 
than 160. 


Using equation (14) with the constants given above 
and selecting a maximum applied controller voltage 
of 10 (to avoid the saturation non-linearity) a transe 
cendental equation for the acceleration time, tg, is 


obtained: 
| eo 
алу 0-7/00|8-442-67) 
A velue of t, equel to .365 seconds will satisfy the 
equation. It is then necessary to find the deceleration 
time t e To do this, substitue time t, into equation (12a) 
(128) Z = hla- E7] = 268 sec 


The total time of open loop operation is then ,656 seconds, 
Using the above constants, the system equations were 

solved on the digital computer, Only one input was 

given to the system as other inputs would provide the 

Same type of output changed by a constant only. Fig. 11 


shows the computed phase plane response of the system. 
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5. Test of the time invariant controller applied to 
а дес motor plant. 


The controller analyzed in sections 3 and 4 above, 
is here investigated experimentally in relation to a 
DC motor plant which was predominantly second order 
and linear up to the saturation limit of the driving 
amplifier. Runs were made with various step inputs in 
both the time-invariant and standard closed loop modes. 

The following operations by the open loop controller 
are required to test the theory: 

1) At time іс a step input is commanded. The 
loop is opened and an open loop driving voltage is 
applied to the plant. 

2) At time t. the driving voltage is reversed. 

3) At time ty the driving voltage is removed 
from the plant, the loop is closed, and the system 
returned to its standard closed loop mode of operation. 
The cperations required were carried out by a timing 
device consisting of a variable speed D. C. motor 
geared to a shaft containing three "make and break" 
switches. The time of contact of these switches rela- 
tive to each other was variable, that is, their relative 
anglular positions on the shaft could be varied. The 
Switches were connected to relay circuits which accomplished 
the desired switching. Thus, relay switching times 
could be varied by adjusting the speed of the р. C. 


motor or by adjusting the relative angular position of 


=24- 








the "make апа break" contacts. 

Fig. i2 shows a block diagram of the experimental 
D. C. Servo used for testing. Wher a step command is 
received, relay one switches to its normally open 
position, This is time t$, Relay two switches to its 
normally open position at time t4 to reverse the open 
loop driving voltage. А third relay, not shown in the 
figure, is used to return relays one and two to their 


normally closed positions at time tae 
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Fig. 12 D, C, Servo with a time invariant controller 
The transfer function of the open loop system was 
evaluated as: 
(17) бі оо. 
[5+ 
where the gain is 2.94 and the system time constant is 1.8 
seconds. The system output position, C, was obtained by 
integrating the output of a tachometer geared to the 


driving motor. As a result, the system output was 
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evaluated in volts, and consequently, the command and 
output signals could be compared in volts rather than 
radians, Further investigation of the open loop 

system revealed that an open locp commend signal of 

about eight volts would cause saturation in the transistor 
power amplifier. А schematic of this amplifier is shown 
in Pig. 15. 

For the purpose of steady state accuracy, of 
primary importance in positioning systems, the closed 
loop gain was set at 29,4 or ten times greater than the 
open loop gain. 

To simplify the construction of the controller, it 
was decided to obtain switching times such that a one 
volt input, R, would cause a one volt driving voltage, Vo 
In other words, the constant of proportionality derived 
іп equation (14) was made equal to опе, This means that 
in equation (14), V - C, anà t, can be evaluated 


directly from that equation to yield the desired value. 


| 2 She 
VK [6-74 (2-4 У 


(14) Се) з 
ER. 
nid =: й, -L8A 2 -« ) 
2.94 
és = 38 Sec. 


By using the value of t, equal to .95 sec. in equation 
(12а), tp is found to be 294 вес. The relay switching 
times were then set saceordingly. 


An input of three volts was used to check out the 


Zee 
x= x LA 
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switching time computed above. The response was not 
deadbeat. The switching times were then adjusted to 
obtain deadbeat response to the three volt input. The 
actual time of voltage reversal was 1,15 sec. compared 

to the computed „98 вес. The total time of operation 

was 1.55 sec, compared to the computed time of 1,52 sec. 
These differences were probably due primarily to the fact 
that the system was only quasi Linear and second order, 
and the Syo ыйі. ani Lik. .wistant werc determined 


assuming a linear second order system. 


et 


A six channel Brush recorder was used to record 


\ 


the closed loop command signal, the open loop command 
Signal, the system output and the system rate. Runs 
were made with the inputs varying from $1.4 volts to 10 
volts. A Standard closed loop response to the same 

step commands Was also made for comparison purposes, 
Figures 14 through 21 show the responses obtained. Each 
page contains a time-invariant system response followed 
immediately by a standard closed Loop response to the 
same signal. Table I is a comparison of the different 


runs. 
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The controller reversed the input to the motor at the 
proper time but the reversal is not indicated on this 
trace. It was not possible to record the input to 

the motor (amplifier output) showing the reversal of 
driving voltage, because of grounding problems, A 
ground at the motor input would cause one or both of 
the power transistors to burn out in the power ampli- 
fier. The tnird trace is tne system output and the 
fourth trace, the system rate. The time to, the time 
at which the polarity or sign of V is reversed, is 
readily observed on the last trace, system rate, as 
there is a definite change in slope at that time. 

Time on all the traces reads from left to right with to 
signified by the comnencement of the open loop command 
Signal and ti by the end of this command and the start 
of the closed loop command signal. 

It was mentioned earller that an output signal of 
elght volts would saturate the power amplifier, It 
follows, then, that if C24 » the amplifier will 
Saturate wnen tne driving voltage is reversed. The 
reason for this is that at the time of voltage reversal 
a back electromotive force has built up in the motor 
Which approaches the driving voltage. This bask emf 
has the effect of increasing current requirement fron 
the amplifier when the driving voltage is reversed. 
Therefore, at the time of switching, the system should 
tend toward saturation if tne signal voltage is greater 
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than four volts. This saturation caused a reduction 
in the braking or deceleration power available, From 
this it follows that the system output would tend to 
overshoot. These effects may be seen in Figures 16, 
17, and 18. By analyzing the system rates at time t. 


and ty for these figures it can be demonstrated that 


EUN 


saturation does occur in the time increment ts <£ t Lio 


At time tg, for the three figures mentioned above, the 


system rate increased proportionately with the command 


signal as called for by the theory. Yet at time b+ o 
the system rate was larger than predicted meaning that 
the system did not decelerate sufficiently which 
resulted in overshoot at time tye For examole, the 
system rates at time t and m for the five volt input 
(Fig. 17) are 6.1 and .95 volts per second respectively. 
For an input of 6.2 volts (Fig. 18) one would predict 
by the principle of superposition that the rates would 
be increased by the factor 6.2/5.0 or would be 7.5 
and 1.1 volts per second. Actually, Fig. 18 shows 
the rates to be 7.5 and 1.5 volts per second, The 
rate at time t, agrees with the theory but at time ty 
the rate differs by .4 volts per second. This difference 
can be accounted for by the saturation that occurs 
when the voltage is reversed. 

When the system input exceeds eight volts, saturation 
is predicted at 5, aud at t, . One would expect, there- 
fore, that the system output would never reach the 
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desired point at time t. or in other words, the system 
will have undershoot at time t,. The reason for this 
phenomenon is that the driving voltage is never large 
enough to provide the response called for by the 
theoretical equations, The results of this type of 
saturation are shown in Figures 19 and 20. Fig. 20 
clearly demonstrates the effect on system output. 

Fig. 21 shows the response of the system with a 
small input, 1.4 volts. Here the system output, by 
time Uc does not reach the desired value. The primary 
cause for this is that the small driving voltage is of 
insufficient magnitude to overcome the stiction and 
friction in the system. 

From these experimental tests it can be seen that 
the time invariant switching scheme does provide 
deadbeat response over a range of inputs. If deadbeat 
response is desired in a positioning feedback control 
system, the method of time invariant switching can 
provide this in a given time increment over a designed 


range of inputs. 





6. Test of the time invariant controller applied to 
an amplidyne dríven motor. 


The time invariant controller has been shown to 
work over a range of inputs with a quasi linear, 
second order system. One might now inquire as to its 
usefulness with a system that is quite nonlinear in that 
it exhibits hysteresis, excessive stiction, and saturae 
tion. To investigate this, a system was constructed 
that incorporated an amplidyne, a i HP deo shunt wound 
motor, and a permanent magnet, D. C. generator. The 
output of the generator, or tachometer, was integrated 
to simulate the system output. As in the previous 
experiment the system output and input was in volts. 
Fig. 22 depicts the system as set up in the laboratory 
with the relays performing the same functions as oute 
lined in section 5. Fig. 23 is a picture of the system 


as it appeared in the laboratory. 
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Fig. 22 Amplidyne driven motor servo system with 
time invariant controller. 
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А plot of the voltage input versus the tachometer 
voltage output for the open loop system appears on 
Fig. 24. Notice that at least two volts are required 
to start the system in motion and that at about six 
volts the system starts to go into saturation. The 
hysteresis loop is rather broad which could provide 
difficulty in system performance, From open and closed 
loop tests of ihe system, without the time invariant 
switching, the open loop transfer function was determined 
to be approximately: 

Ct) at 

Si Saree) 

Depending on the test being conducted, the system gain 
varied from 100 to 115 and the reciprocal time constant 
from 6.9 to 7.5 inverse seconds, 

Using the values of gain and the time constant 
from equation (7) and having a unity relationship between 
the open loop output and open loop driving voltage, ts 
was determined from equation (14) to be about „353 
seconds. Then و‎ from equation (i2a), was evaluated 
as .27 seconds. The system was run with an input step 
of four volts. The response was not deadbeat so the 
times of switching were adjusted to yield a near ead- 
beat response, The timing circuit controls were not 
fine enough to permit precise adjustments of the switching 
times. The adjusted times were then measured and found 


to be .38 second for time t, and .09 second For tr. 
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Hysteresis loop of amplidyne driven servo system. 


Fig. 24. 
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The acceleration time was .05 second longer than the 
computed value and the deceleration time was .18 second 
shorter than the computed value. This shorter decelera- 
tion time is probably due to the large friction that 
was present in the motory 

4 Brush гесогйег was used to record the values of 
the closed loop command signal, the open loop command 
Signal, the system output, the system rate, and the 
voltage applied to the motor. These recordings are 
shown in Figures 25 through 38, Following each times 
invariant run to a given input, the system was run 
in the normal closed loop mode with the same quantities 
being recorded. A figure of the closed loop recording 
follows each time invariant figure. The maximum overe 
shoot and time=-to-steady-state was evaluated for all 
runs and a comparison of the times to steady state was 
made. The results of this evaluation are tabulated in 


Table II. 
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gy hee HR HK He а. eH eR HHH KR + + ډو پډ‎ HH 
Amplidyne ы Open=closed loop : Closed loop 
ЕТІН 2 ЕКІ, 22 
i m + й ж „pt, + + » ES, % : "У, + ҒЫ; Se 2 ж 
EX volts 1.0 1.18 sec. 1.0 059 sec. -.59 Sec. 
2:2 1.0 1.00 1.0 220 e. 5O 
Fs 1.0 50 1.26 01700 . 20 
оно 1.0 . 48 1.31 1.05 «oT 
NoD 1.0 48 1.58 1.00 52 
eo 1925 1.03 2.02 .95 = 10 
6.0 1.88 1.00 2.12 1.30 


г 2 
хин няня 


Note: 

1. Mot? Ratio of maximum output to desired output. 

2. Time to steady state operation, taken to he 
when system is within .1 volts of ccmmand 
Signal. 

5. is defined as the difference between 
the 2c» to steady state for the open-cilosed 
loop and closed loop operation. 

From the recordings it can be seen that the range 
from four to five volts the response was almost dead= 
beat. (Figures 25 through 30.) When the input voltage 
was in excess of five volts the system output started 


to overshoot the desired value at time bye As in 
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section 5 with the D. Co servo, this is due to Saturae 
tion of the amplidyne when the driving voltage is 
reversed. This type of response is shown in Figures 31 
through 34. 

For step inputs less than four volts system 
performance deteriorated rapidly. This was due almost 
entirely to the excessive stiction and friction in the 
system. It was found that the system did not respond to 
a command less than two volts or about 30% of the 
operating range. The system response to inputs of 5 
and 5.5 volts are shown in Figures 55 through 58. 

As might be expected, the use of an open-loop 
controller with a far=from-ideal plant does not lead 


to acceptable performance. 
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7. Conclusions. 

in the search for a simple scheme to provide 
deadbeat response for step inputs to a second order 
system, attention was concentrated on an open-closed 
loop controller. For the system investigated, switching 
tlme in the open loop mode were Гіхед and the output 
from the controller to the plant was proportional to 
the magnitude of the step input. 

Using this scheme, any linear system can be 
controlled with deadbeat response (Principle of super- 
position). To control the second order plant considered 
in this study only one switching point is required. 

The experimental program was intended to suggest the 
shortcomings of this approach when applied to a relay 
system with its non-linearities and higher order dynamics. 

The first real system studied was relatively free 
from any non-linearities and provided near deadbeat 
response over approximately 50% of the designed operating 
range. A system with rather pronounced non-linearities 
was also chosen for study and provided near deadbeat 
response over less than 20% of the desired operating 
range. It is concluded, then, that if deadbeat or near 
deadbeat response is desired, the time invariant controller 
investigated in this thesis can be used to force this 
response in a linear system . With & non-linear system; 
the controller is of little use. In any event, the time 
of response to any size step requires the same interval 


of time for open loop operation. 
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APPENDIX I 
PROGRAM ANALOG 
A Control Data Corporation CDC 1604 digital 
computer is available at the U, S. Naval Postgraduate 
School. Dr. J. БК. Ward of the Postgraduate School, 
Department of Electrical Engineering, has written a 


FORTRAN® 


language program for this computer which 
Simulates an analog computer. The program is referred 
to as Program Analog. It retains ali the versatility 

of the analog computer and provides both a graphical 

and numerical output. With this progrem many of the 
problems of magnitude and tims scaling as well ав the 
difficulties in simulating nonlinearities associated 
with an analog computer are avoided. The program, which 
is reproduced in Figures 39 through 41, uses a modified 
Runge-Kutta integration scheme, 

This program was used for the investigations 
carried out in section 2. Fig. 39 is the main part ої 
the program. It consists of the necessary instructions 
for the analog simulation of a given problem and does 
not require any changes as the problem is varied. This 
part of the program may be thought of as the analog 
computer. Fig. 40 is the FORTRAN simulation of the 


ze Spo Че KE OU 


9р, D, MeCracken, A guide in FORTRAN programming, 
John Wiley & Sons, Inc., New York, London, 1961, 
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problem board, This part of the program must be 
changed in the same manner as one would change the 
Wiring on a problem board. Fig. 41, the data input, 
sets the initial conditions, potentiometer settings, 
problem time and providec means by which various cutput 
data can be obtained. A typical numerical output 

for a Program Analog problem appears in Fig. 42, 
Figures 3 through 10 in the body of the these оге 


typical outputs for the program. 





Program Analog. 


Fig. 39. 
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